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Approximate Solution to Radiative Transfer
in Two-Dimensional Cylindrical Media

Jose B. Pessoa-Filho* and Stefan T. Thynell}
Pennsylvania State University, University Park, Pennsylvania 16802

The development of an approximate solution to radiative transfer in two-dimensional, absorbing, emit-
ting, scattering, cylindrical media is presented. The approach is based on an isolation of the discontinuities
of the intensity prior to specifying the set of discrete ordinates. The discontinuities in the intensity or its
slope at any point within the medium or at the bounding wall may be because of property variation along
a bounding wall or at a corner, or the bounding geometry. The chosen set of discrete ordinates is based
on Gaussian quadratures, and integrations are performed over solid angles over which the intensity is
continuous and possesses continuous derivatives. Results for the incident radiation and radiative heat
flux are presented for different physical configurations, and they are in good agreement with those avail-
able in the literature. In particular, approximately an order-of-magnitude fewer unknown intensities are
involved in the solution to obtain results of accuracy comparable to the discrete-ordinates method.

Nomenclature

height of the cylinder

, ¢, ¢/ = interpolation coefficients

distance

incident radiation

intensity of radiation

interpolated intensity

blackbody radiation intensity

node location in the radial, axial, polar, and
azimuthal directions, respectively
number of nodes in the r direction
number of nodes in the z direction
radiative heat flux

radial dimension

radial direction

radiative source term

average radiative source term
position variables

temperature

axial direction

extinction coefficient

difference

emissivity

polar angle

direction cosine

weight of quadrature

diffuse reflectivity

azimuthal angle

scattering albedo
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Subscripts

o
I

= blackbody

unit vector in radial direction
unit vector in axial direction
medium

,2,3 = walls, 1,2,3
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Superscripts
+

positive values of u
negative values of u
interpolated quantity
averaged quantity

~

Introduction

HE study of radiative heat transfer in participating media

has received a significant amount of attention during the
past years because of its importance in many different areas
including, among others, astrophysics, burning of liquid and
solid propellants, fires, and the development of multilayer in-
sulations for aerospace applications.' In many of these situa-
tions, the use of one-dimensional rather than multidimensional
models for evaluating the radiation heat transfer may be ques-
tionable. Hence, new techniques for treating radiative heat
transfer in multidimensional geometries have been presented
in the literature.’~® Effects of multidimensionality, nongray-
ness, and spatially variable optical properties add mathematical
and computational difficulties.' Unfortunately, in problems of
practical interest, such as the ones involving radiative heat
transfer in flames and furnaces, some of the effects just men-
tioned could be present. Additionally, it is usually necessary
to solve the radiative heat transfer equation iteratively, since
the temperature of the medium must be solved from an overall
energy balance. Considering these aspects, the development of
new methods of solution for solving the equation of radiative
transfer accurately and computationatly efficiently should be
pursued.

The technique to be presented in this work is based on an
isolation of the discontinuity in the radiation intensity. This
technique has already been applied to one-dimensional ge-
ometries with excellent results.>'® The objective of this
work is to show the applicability of the method for solving the
equation of radiative transfer in two-dimensional cylindrical
media.

Analysis
Physical Model

We consider radiative heat transfer in an emitting, absorbing,
and isotropically scattering medium, as shown in Fig. 1. The
radiative properties of the medium are gray and spatially vary-
ing. The walls emit and reflect the incident radiation diffusely.
The temperature of the medium is assumed to be known from
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Fig. 1 Physical model and coordinates.

an overall energy balance. The equation of transfer to this
problem can be written as''

L di

36) ds + I(s) = S(s) @

where

i)
+ cos 6 — (2a)
az

d ] sin ¢ 9
ds-sm&(cos¢ " a¢)

S(s) = 8(r, 2) = [1 — o, DILITL(r, 2)]
PCUR) f f 1(r, 2, 6, d)sin 6 d6 do (2b)
47 Jo Lo

The boundary conditions for Eq. (1) are

Kr,0, 6, ¢) = &0y (r) + (p/ Mg (r, 0)

0=r<R, 0= 0<(7/2), O0=¢d=27 (3a)
IR, z, 8, $) = £:1,2(2) + (p/ g4 (R, 2)

0<z<C, (m2) < dp< (37/2) (3b)
Kr, C, 6, ) =&3l,5(r) + (pymqa(r, C)

0=r<R, (w2)=<6<m, O0=¢=2r7w (3c)

O<éb<m,

The incident radiation G(r, z) and the forward and backward
radiation heat fluxes in the r and z directions are, respectively,
defined by

Gr,) =2 f f I, 2, 6, )sin dO do  (4a)
$=0 Jo=0
w2 T
ga(r, ) =2 f f I(r, z, 6, ¢)sin®0 cos ¢ d9 d¢ (4b)
$=0 Jo=0
L w2
ge(r,2)=2 f J I(r, z, 6, ¢d)cos O sin 6 d8 do (4¢)
=0 =0

w2 r
qa(r,z) =2 f f I(r, z, 8, m — ¢)sin®8 cos ¢ d6 d¢
=0 J8=0
(4d)

T 2
qs(r,2) =2 f f I(r, z, # — 0, ¢)cos 8 sin 8 do d¢
=0 Jo=0
(4e)

An integration of Eq. (1) along path s over which the extinc-
tion coefficient is suitably averaged, B(s) = j, yields"

I(s) = I(soyexp[—B(s — s50)]

+ B f S(sexp[—B(s — s")] ds’ 6)

Behavior of the Intensity

To acquire an insight into the discontinuous nature of the
intensity, a purely absorbing medium bounded by black walls
is considered. The medium and top surface are at zero tem-
perature, i.e., L[T,(r, 2)] = 0 and I;3(r) = O, respectively. The
temperatures of the bottom and peripheral walls are such that
L,(r) = 1.0 and I,,(z) = 0.5, respectively. Figure 2 illustrates
the polar variation of the intensity (u = cos ) at » = 0 and
z = C/2. Examination of Fig. 2 reveals the existence of dis-
continuities at u = *+0.5. The qualitative behavior of the in-
tensity distribution would be the same even if the medium
contained scattering particles. In such a situation, the magni-
tude of the discontinuities decreases as the scattering albedo
increases; however, discontinuities are still present. Note that
the difficulty associated with the treatment of the discontinuity
in the intensity field has been addressed previously.'>"?

In developing an approximate method of solution to the
equation of transfer, it is appropriate to consider the effects of
discontinuities in the intensity. However, a wide variety of
other aspects should also be considered.! They include, among
others, nongray and spatially nonuniform properties, compat-
ibility with solution techniques to the overall conservation of
energy, momentum and species, as well as the effects of insta-
bilities similar to those exhibited by the diamond discretization
scheme of the discrete-ordinates method, if a set-to-zero or
overshooting clipping is not used."**

Construction of Approximate Solution

The approximate solution to the radiative transfer equation
to be developed considers the aspects mentioned previously.
By assuming S(s) = S, Eq. (5) can be written as

I(s) = I(so)exp[—B(s ~ so)] + S(){1 — exp[—B(s — So)](}6)

where S and 8 represent, respectively, the average value of the
source term and the extinction coefficient between s, and s.
Note that the right-hand side (RHS) of Eq. (6) has only posi-
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Fig. 2 Intensity distribution in the medium for I,,(r) = 1, 1,,(z)
= 0.5, I,3(r) = 0, and @ = 0. At r = 0 and z = C/2, the disconti-
nuities are located at g = *0.5,
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tive terms and, as a consequence, instability problems have
been eliminated.

The discontinuities in the intensity must be considered prior
to an application of Eq. (6). The establishment of the angular
positions where discontinuities occur is based on physical and
geometrical considerations. For the case considered in Fig. 2,
the intensity distribution in region 1 is governed by the one
emanating from the bottom wall. In a similar fashion, the in-
tensity distribution in region 4 is determined by the boundary
condition applied to the top wall of the cylinder. Regions 2
and 3 have their intensity distribution determined by the
boundary condition imposed by the peripheral wall. Although
the intensity is a continuous function over regions 2 and 3, it
is split into two separate regions to satisfy the limits of inte-
gration over the polar angle 6, given by Egs. (4c) and (4e).
The definition of the limits for each of the regions presented
in Fig. 3 is based on geometrical considerations. For the
ranges, 0 =< ¢ =< 27, 0 = r <R, and 0 < z < C, the following
regions are defined:

Region 1: uo(r,z, )< =1 (7a)
Region 2: 0 < u < ug(r, z, @) (70)
Region 3: po(r, z, )< £ =<0 (7¢)
Region 4 —1 = p < uo(r, z, @) (7d)

where

(VR = Fsinte
Ko (r, 2, ) = cos [tan‘( R r Slf;¢+rcos¢

(82)
VR = 7 sind
o (r, z, ) = —cos [tan"‘ ( R r® sin“d + r cos ¢
C—-z
(8b)

At the bottom of the cylinder, the regions over which the in-
tensity is continuous for 0 = ¢ = 27 are given by

Region : 0 < = 1 (9a)
Region 2: us(r, 0, ¢) < u <0 (9b)
Region 3: — 1 =< p < ui(r, 0, @) c¢)

Similar equations can be derived for the top wall of the en-
closure. Along the peripheral wall, the specification of angular
positions for which the intensity is discontinuous is more com-
plex. For — 7/2 < ¢ < 7/2, the procedure employed previously
for the inner regions of the medium is also used, and four
regions over the polar angle are defined according to Eq. (7).
Although the intensity is continuous along the inside of the
peripheral wall, two regions are defined (0 < 6 < /2 and /2
< 6 < 7) to satisfy the limits of integration imposed by Egs.
(4c) and (de).

In heat transfer applications, calculations of the incident ra-
diation and radiative heat flux are usually needed. To avoid
repetition, the numerical integration procedure will be de-
scribed only for the incident radiation. The integration is split
over the azimuth angle to follow the limits of integration de-
termined by Eqgs. (4b) and (4d), and because of symmetry,
only half of its angular span needs to be considered. Thus, Eq.
(4a) becomes

w2 1
G(r,z) =2 f f Kr, z, n, ¢) du do
$=0 J—1

+ 2 f f I(r, z, p, ) dp do (10)
p=72 J-1

Fig. 3 a) Geometrical configuration illustrates the division of the
0 domain into four regions and b) plane ABCD shows the angular
limit of each region and the relative position of I, k = 1, ...,
2N,

The evaluation of the integral over the polar angle is split into
four different regions, as defined by Egs. (7), namely

1 o (rz,d)
J I(r, z, p, ¢y dp = f I(r, z, 1, @) dp

-1 -1

o (rz,¢)

4]
+f I(r, z, 1, @) dl‘«*‘J
Mo (r2,9) Y

1
" f 105 o $) du an
o (rz,d)

I(r, z, p, @) du

A quadrature formula is now applied to evaluate each one of
the integrals in Eq. (11). The following notation is used:

Ly = I°(rs 2 s ) (12a)
Bow = 1o (T Zp B ‘ (12b)
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Figure 3b schematically shows the various directions of the
intensity in the plane ABCD of Fig. 3a. The indices referring
to the r, z, and ¢ coordinates are omitted to avoid overcrowd-
ing. By applying the quadrature to Eq. (11), we obtain

1 Ne

1 -

Py = f I(r, z, p, @) du = 5 2 &I+ pop) g
k=1

-1

- M&jlli;k+Nol + IL(;jII;k+Nol + 1 - ,ua“,ﬂ)lz}'u] (13)

Applying a quadrature to perform the integration over all azi-
muth angles, and using the notation defined by Eq. (13), Eq.
(10) becomes

Ne
K
G(r, ) = Gy =3 X, &Py + Pun) (14)
=1

The numerical integration of Eq. (10) can be summarized as
follows: the polar angle is split into four different regions de-
fined by Egs. (7), whereas the azimuth angle is split into two
regions: 0 < ¢ < 7/2 and 72 < ¢ < . A quadrature is applied
to each region of the polar and azimuth angles. After obtaining
Py, l=1,..., 2N, Eq. (14) is used to evaluate G(r, z). The
procedures employed along the bottom and top walls are sim-
ilar except that only three regions are defined by Egs. (9).
Along the peripheral walls, Eq. (11) is valid for 0 < ¢ < 7/2;
for /2 < ¢ < i, the intensity is continuous over the polar
angle. However, to satisfy the limits imposed by Egs. (4c) and
(4e), one region is defined for 0 < 8 < #/2 and another for
m2< < m

Form of Approximate Solution

By using the notation defined by Eqgs. (12), Eq. (6) can be
approximated as

I?kz = ‘iijt'kl eXP[_(BAS)i}tkI] + Sxy:'kl{l - exp[_(BAs)i?kl]} (15)

The procedure for evaluating the various terms in Eq. (15) is
involved. For a particular problem, many configurations may
occur producing lengthy derivations for the expressions of
I AS s B and S, Therefore, derivation of the equations
is presented only for a frequently found configuration to out-
line the general procedure behind the technique. Initially, the
physical domain in the » and z directions is evenly discretized
according to

Ar=R/(MR — 1) (16a)
Az=C/IMZ — 1) (16b)

To avoid the discontinuity of the intensity at the corner of the
cylinder, no node is defined at (R, 0) and (R, C) locations. To
illustrate the calculational procedure of Iy, As s B and
Sii the configuration represented schematically in Fig. 4 is
considered. In this case, the evaluation of T 7a at node (i, j) is
desired. From geometrical considerations

Asgy = Ady/N'T — i 17

where Ad), is illustrated in Fig. 5. Three configurations are
possible:

1: Ady=r,cos g, — Vri, —risin’g, O<d<y (18a)
2: Ady=2r,cos ¢, Yi<d<a/2 (18b)
3: Ady=r,cos y+ Vi —risin’g, w2<p<w (18¢c)

i=cosT V1 — (ri/r)’] (18d)

a)

® G.j1)
G-1,3-1)

b) pf Adj P m—
Fig. 4 a) Location of I}};,, relative to I}, and b) I}, is eval-
uated from a linear interpolation using 1,; and I,,.

The calculation of T}, is more involved because it is located
at a point in space where no node is defined, as shown in Fig.
4a. Therefore, its value is approximated from an interpolation
using the intensities at nodes (¢ — 1, ) and ¢ — 1,j — 1),
shown in Fig. 4b. In addition, the direction of 7, u 18 determined
by the values of u},, and ¢, Since values of w, at nodes (i —
1,j)and (i — 1, j — 1), are different from values of u, at node
(i, j), interpolation over the polar angle is necessary at both
nodes. Furthermore, because of curvature effects, ¢, is differ-
ent from ¢;, as shown in Fig. 4a. As a result, interpolation is
also necessary over the azimuth angle.

In Fig. 4b, I, and I, represent interpolated values of inten-
sities, in the pgy and ¢/ directions, at nodes (i — 1, j) and
(i — 1,j — 1), respectively. The calculation procedure for I,
is presented. Without loss of generality, let us assume N, = 2,
Ny =2,k=1, and | = 1. Figure 6a illustrates a top view of
node (i — 1, j), showing the three ¢ angles considered. As-
suming ¢, < ¢| < ¢,, interpolations are required over both
azimuth angles ¢, and ¢, to calculate the intensities in direc-
tion of w;;,. To avoid overcrowding, the indices corresponding
to the radial and axial directions are not shown in Fig. 6b. I,
represents the interpolated intensity in the ¢, direction, over
angle w;,. If linear interpolation is used, J, is given by

1_1 = C*Iitljll + 1 - C*)Ii+—1j21 (19a)
where
pjf — 'u,* .
C* = P11 i—1j21 (l9b)

+ +
M-y ™ M-y
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\\\Configurati n

G:0)
(i+1, )

Fig. § Three configurations are possible in determining the lo-
cation of I}, s in the ¢ direction.

a)

Region 1

b) G-1.))

Fig. 6 a) Top view of node (i — 1, j) showing the relative position
of ¢; with respect to ¢, and ¢, and b) representation of intensities
in direction of ¢,.

L, in the ¢, direction, is obtained in a sim_ilar fas_hion. I, is
obtained from linear interpolation between I; and I,, namely

Ly=cL + 0 - (20a)
where

¢ = (P1— (2 — ¢) (20b)

A similar procedure is carried out at node (i — 1, j — 1) to
determine I,,. Once I, and I,, have been determined, the final
interpolation is camed out to yield Ij;;. We have

.ju = (/A + [1 — (c/A]L, (21a)
G = Astjll#‘ijll (21b)

A total of seven interpolations is performed to calculate T P
The coefficients used in the interpolation procedure are depen-
dent on the geometrical configuration and the number of nodes
in the r, z, 0, and ¢ directions. Therefore, they are calculated
and stored at the beginning of the iterative procedure. The
calculations of S}; s and B,,” are made by taking the average
value of S(s) and B(s), respectively, between I s and I15,.
Hence,

S'Ju = 0-5({(01/AZ)Si—1j—1 + [1 ”(Cl/AZ)]Si-xj} + Sij) (22a)
Bif'u = O~5({(CI/AZ)B:'—U—1 +[1 - (Cl/AZ)],Bi—lj} + Bq) (22b)

The terms in braces in Eqgs. (22) represent the evaluation of
S(s) and B(s) at the location where [}, gu is calculated. Never-
theless, the most important aspect of the interpolation proce-
dure is that interpolated intensities must belong to the same
angular region as the intensity to be determined. In the pre-
vious case, it is necessary to ensure that all intensities used at
nodes (i — 1, j) and ({ — 1, j — 1) belong to region 1. Math-
ematically, this condition is defined as

Moiigs < Mg < 1 (23a)
Moimnye < Mju < 1 (23b)
Hoimtj-11 < Mg < 1 (23¢)
Moi-1j12 < Mg < 1 (23d)

The conditions represented by Egs. (23) come from two fun-
damental aspects of the problem. First, since the intensity is
discontinuous in the u direction, it is mathematically incorrect
to use intensities from two different regions to calculate either
I, or I,. For example, if the interpolation to obtain [, in Fig.
6b involved one intensity from region 1 and another from re-
gion 2, the interpolation procedure would be incorrect. The
interpolation would have been carried out over an interval in
which the intensity is discontinuous. Second, referring to the
purely absorbing medium bounded by black walls, it is known
that the boundary condition at the peripheral wall of the cyl-
inder does not have any effect on the intensity distribution in
region 1. Therefore, if intensities from region 2 are used to
obtain either I, or I,, information from the peripheral wall is
incorrectly transmitted to region 1, leading to a physically un-
realistic calculation. This kind of error is introduced into the
classical discrete-ordinates method, as a result of the method
of discretization (either step or diamond schemes). It is usually
referred to as false scattering, because the mechanism respon-
sible for the change in direction of the beam of radiation is
not physical but numerical."*"*

If one or more of the conditions specified by Eqgs. (23) are
not verified, the interpolation moves to another region. The
general rule here is that one moves backwards along the line
defined by (i, j), pj and ¢, until any horizontal or vertical
line joining two nodes is intersected. Once such a line is found,
the conditions of continuity of the intensity are verified for
each one of the nodes and directions from which 7, and I, are
to be calculated. If these conditions are not verified, one con-
tinues to move backwards until another horizontal or vertical
line that obeys the continuity condition is found.

The configuration shown in Fig. 4 is among those most fre-
quently found when calculating intensities within the medium.
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1+
: COS WoMR.1,3, 14N
\ /— 25 +Ne
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.

z=0

~ ~ ~
! I
| !
| |

1
Fig. 7 Schematic representation of extrapolatxon procedure that

takes place close to the boundaries. Fi- 1361+, IS Obtained from
linear extrapolation using I, and 1,..

However, to further clarify the technique, a configuration that
appears close to the boundary is considered: calculation of
I- L3k1+N k = N,, at node (MR — 1, 3) as shown in Fig. 7.
Since Iz—1, 1+No belongs to reglon 1, I, and I, must be cal-
culated by using intensities in region 1. For the configuration
shown in Fig. 7, the use of node (MR, 2) is not allowed since,
by definition, only regions 2 and 3 are defined at the penpheral
inner wall of the cylinder. In this case, Iyr—1ax +Na»
Siir-1301+ns aDd Bim—134:+n, are calculated from extrapolation
at nodes (MR — 1, 2) and (MR — 2, 2) using

—(c/APL, + [1 + (/AP  (24a)

I =
MR—-13kI+Ny =

S ;;R—l,3,k,t+N¢ ] 0-5({ —(c1/Ar)Syp—22

+ [1 + (c/ADISup-12} + SMR—La) (24b)
B;{R-—l,3,k,l+N¢ = 0-5({_(Cl/Ar VBur—22
+ [1 + (c/AP]1Bur-12} + Bur-13) (24¢)

c = As;{R—I,S,k,I+N¢\/1 - (M;m—x,s,&.1+1v¢)2 (24d)

Numerical Procedure

In this work, Gauss—Legendre'® quadratures were used. Ex-
cept for the boundary conditions, given by Egs. (3), all inten-
sities were initially set equal to zero. The iterative procedure
was started by calculating all geometrical parameters, followed
by the calculation of I, using Eq. (15). I, and Iyz—;41, 0, WeTE
calculated simultaneously to use symmetry in the geometrical
parameters and to accelerate the convergence. The calculation
of I}, started at i = 2 and moved towards MZ — 1, j = MR —
1, ..., 1. At each node (i, j), £k = 1, , 2N,, whereas
I=1, ..., 2N, Therefore, for each node within the medium,
I ,f,d was calculated in 8N,N, directions. At the top and bottom
walls of the cylinder, Iy, was calculated in 6N,N, different
directions, since only three regions are defined. The following
convergence criterion was applied:

657 — G|

e 107 (25)

where the superscript (n + 1) denotes results from the last
iterative step. To obtain the results shown in the next section,
a computational algorithm was developed and implemented on
a DEC 300-400 computer.

Discussion of Results

Since the calculation of the intensity requires a total of seven
interpolations and, in some situations extrapolations, it is im-
portant to access their effects on the accuracy of the results.
With this purpose, we consider a nonemitting, nonscattering
medium (w = 0) bounded by black walls. The optical dimen-
sions of the medium are BR = 0.5 and BC = 1. The top wall
is at zero temperature, whereas the bottom and peripheral walls
are at different temperatures, such that I,,(r) = 0.5, I,,(z) = 1.
Since B(s) = 1 and S(s) = 0, Eq. (15) becomes

1 iu =1 zjf:kl exp(—As ifu) (26)

Considering that Asj, is obtained in an exact fashion, the ac-
curacy of the obtained results for the intensity is dependent on
how accurately [, is evaluated. Six combinations of (MR,
MZ) and four combinations of (N,, N,) are used in this inves-
tigation. Table 1 shows the obtained results for the intensity at
r = R, z = C/2. For each set (N,, N,), the column on the left
represents an intensity located in region 1 of Fig. 3, while the
column on the right represents an intensity in region 2. No
results are presented for region 3 because they are the same
as those of region 2 because of symmetry. The intensity within
region 4 is equal to zero.

Inspection of Table 1 reveals that for any combination (N,
N,), the presented results are in excellent agreement with those
obtained from the exact solution of the equation of radiative
transfer, which is readily obtained in the nonscattering case.
Also note that MR, MZ, N,, and N, can be independently var-
ied without changing the obtained results significantly. In gen-
eral, by keeping (Vs Ng) constant and increasing (MR, MZ),
there is a decrease in the accuracy of the solution. Since B(s)
=1 and S(s) = O, the increase in (MR, MZ) does not change
the evaluation of 8 and §, but it significantly increases the
number of extrapolations, resulting in a slight increase in the

Table 1 Effects of number of spatial nodes and discrete
ordinates on the convergence of the intensity with r = R,
z = C/2, and different values of 0 and ¢: I,,(r) = 0.5,
1:@) = 1, Is(r) = 0, LIT,.(r; )] = 0, 0 = 0

a

Ne=2,N,=2 Noy=2,N,=3

@=54deg, O=84deg, 0=48 deg, 6 =83 deg,
MR, MZ ¢=19deg ¢=19deg <¢=45deg ¢ =45 deg
57 0.21028 0.38559 0.23618 0.49215
5,11 0.20818 0.38565 0.23546 0.49726
11, 11 0.21188 0.38603 0.23458 0.48730
11, 21 0.20717 0.38626 0.23370 0.48727
21,21 0.20871 0.38630 0.23372 0.48578
41, 41 0.20685 0.38465 0.23305 0.48329
Exact 0.21116 0.38672 0.23618 0.49046

b
Ny=3,N,=3 Npy=5,Ny,=5

0=38deg, 6O0=73deg, 6=38deg, 6=73deg,

$d=45deg P=45deg P=45deg ¢ =45deg
517 0.26471 0.47945 0.26461 0.47904
5,11 0.26374 0.48873 0.26415 0.48783
11, 11 0.26423 0.47392 0.26534 0.47733
11, 21 0.26304 0.47300 0.26341 0.47809
21,21 0.26330 0.47103 0.26369 0.47564
41, 41 0.26278 0.46696 0.26301 0.47131
Exact 0.26524 0.47781 0.26524 0.47781
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error of the solution. If nodes were defined at the boundaries
only, I, would be evaluated in an exact fashion and Eq. (26)
would yield exact values of 73,. As MR and MZ increase, more
extrapolations are carried out resulting in a decrease of the
accuracy of the obtained results. From the results presented in
Table 1, however, it is clear that the interpolation and extrap-
olation procedures used in this technique do not lead to large
errors in the obtained solution even for large values of MR,
MZ, N,, and N,.

It is also observed: from Table 1, that for a fixed value of
(MR, MZ) an increase in (N,, N,) causes an improvement in
the accuracy of the solution. Such a comparison is possible for
(Ne, Ny) corresponding to (3, 3) and (5, 5) in Table 1b, since
the intensities are represented at the same spatial locations and
directions. Such a result is expected since the use of more
nodes in the 6 and ¢ directions tends to more accurately de-
scribe the intensity distribution. The case corresponding to
Ny=N,=2, MR =35, and MZ =7 took about 0.3 CPU seconds
using a DEC 300-400 computer, whereas the case correspond-
ing to Ny = N, = 5, MR = MZ = 41 took about 740 CPU
seconds.

The second case considers a nonscattering medium bounded
by gray walls. As in the previous case, the objective is to
evaluate the accuracy of the method when discontinuities in
the intensity are more severe (w = 0). Here, again, the intensity
of radiation is given by Eq. (26) and, consequently, the accu-
racy of the solution is strongly dependent on the accurate eval-
uation of Tj. The medium, top, and peripheral walls of the
cylinder are at zero temperature, i.e., I,[T.(r, 2)] = 0, Ls(r) =
0, I,,(z) = 0, respectively. The bottom wall is at uniform tem-
perature [,,(r) = 1. The walls are assumed to be gray with ¢,
=05,i=1,2,3, BC=1, and BR = 0.5. Results are presented
for the radiosities at the walls of the cylinder, i.e., Ji(r), J»(2),
and J;(r), defined by the RHS of Eqgs. (3a-3c), respectively.
Six radial nodes and nine axial nodes were used with N, = N,
= 2. The obtained results for the radiosities at the walls are
shown in Table 2. For comparison purposes, the results ob-
tained by Thynell® are also included in Table 2. The results
for J,(r) and Ji(r) are within 0.5% relative error compared with
those obtained by Thynell.®

The results obtained for Jx(z) are in good agreement with
those computed by Thynell,® but are not as accurate as the
ones obtained for J,(r) and Ju(r). Inspection of Table 2 reveals
that the largest relative error occurs at the first node along the
peripheral wall (MR, 1). At this location, the relative error is
about 4%. Such a result suggests that the inaccuracy is caused
by some of the approximations introduced by this technique.
The calculation of intensities within region 2, at nodes located
at (MR, 1) and (i, 2), i = 1, ..., MR, involves extrapolation
of the intensities located at nodes (i — 1, 2) and (¢ — 1, 3),
i=2,..., MR, in a similar way as shown in Fig. 7. Because
of the boundary conditions, the intensity at node (MR — 1, 2)

Table 2 Radiosities at the bottom, top, and peripheral walls of
a nonemitting and nonscattering medium bounded by gray
walls, €, = 0.5, = 1,2,3; I,(r) = 1, L,5(z) = 0, I,(r) = 0

Radiosity at the bottom wall, Ji(r)
r/R 0 025 0.50 0.75 0.98

This work 1.6039 1.6063 1.6137 1.6336 1.6891
Thynelt® 1.6013 1.6032 1.6098 1.6242 1.6782
Radiosity at the top wall, Jx(r)

r/R 0 0.25 0.50 0.75 0.98
This work 0.0741 0.0728 0.0688 0.0625 0.0557
Thynell® 0.0742 0.0727 0.0686 0.0624 0.0559
Radiosity at the peripheral wall, J,(z)
7C 0.01 0.25 0.50 0.75 0.99
This work 0.4276 0.1771 0.0887 0.0512 0.0376
Thynell® 0.4054 0.1746 0.0875 0.0491 0.0357

is larger than the intensity at node (MR — 1, 3). Furthermore,
to avoid the discontinuity at the corner, the node (MR, 1) is
located at z/C = 0.01. As a result, the extrapolation to obtain
Iir1s Overestimates the value of I3z1.,. An increase in the
number of nodes improves the accuracy, but extrapolations are
still needed at nodes close to the bottom wall.

The numerical integration scheme also affects the results
along the peripheral wall of the cylinder. The evaluation of
g (r, 7) involves u in the mtegrand whereas g, (r, z) involves
the highly nonlinear term (1 — p?)'2 As a result, the values
obtained for g, (r, z) are more accurate than those obtained for
e (1, 2). Since J(2) is dependent on ¢/ (R, z), whereas Jy(r)
and Ji(r) are dependent on g :(r, 2), the obtained results for
Jx(z) are less accurate.

The next problem considers a purely scattering medium (w
= 1). The walls of the cylinder are black. The bottom and top
walls are at zero temperature, whereas the peripheral wall is
at high temperature, I, = 1. Here, BR = 1 and BC = 2, N,
= N, = 2 and an evenly spaced grid with MR = 10 and MZ

= 21 are used. Results for the net heat flux at the bottom

—q.(r, 0), and peripheral —g, (R, z), walls of the cylinder are
shown in Fig. 8. Jendoubi et al.” investigated this problem
using the § — 14 discrete-ordinates method.

A comparison between the results obtained in this work and
those obtained by Jendoubi et al.” for the net radiative heat
flux at the bottom and peripheral walls reveals that the two
sets of results agree exceptionally well. Reference 21 of Jen-
doubi et al.” indicates that 25 nodes were used in both r and
z directions. Since they used the S — 14 discrete-ordinates
method, a total of 112 intensities was evaluated at each node,
per iteration. Therefore, at each iteration, 70,000 unknowns
were calculated. By applying the technique presented in this
work and calculating the intensity in 32 directions (Ny = Ny =
2) and 210 nodes (MR = 10 and MZ = 21), it was possible to
obtain results with the same level of accuracy as the S — 14
discrete-ordinates method. It should be mentioned, however,
that Ref. 21 of Jendoubi et al.” indicates that the use of the
S — 8 discrete-ordinates method gives the same level of ac-
curacy as the S — 14 discrete-ordinates method. Nonetheless,
it does not elaborate on the spatial resolution. It is ailso shown
in Ref. 21 of Jendoubi et al.” that the results by the discrete-
ordinates method are strongly dependent on the discretization
scheme (e.g., positive, diamond, and step schemes). For ex-
ample, results obtained by the diamond scheme for the incident
radiation at the midplane of the cylinder were physically un-
realistic, whereas the ones obtained by the use of either dia-
mond or positive scheme exhibited oscillations in the incident
radiation distribution along the radial direction.

10 4= e
< 08 - de, (1, 0) .
3 ] F
J° p [
< 0.6 -
8 ] L
& 04 - e, (R, 2) -
) ] [
& La@=1
' 0.2_ =l -
This Work B§= [
] Ref. 7 = [
00— ol B
‘0.00 0.25 0.50 0.75 1.00
/R or z/C

Fig. 8 Heat flux distribution at the peripheral and bottom
walls.
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Summary and Conclusions

The development of an approximate method of solution has
been presented for solving the equation of radiative transfer in
two-dimensional cylindrical geometry. The technique is based
on the isolation of the discontinuities of the intensity. Results
for the net heat flux and incident radiation are obtained for
different geometrical configurations. The obtained results are
compared with other results available in the literature and good
agreement is observed. A comparison with the classical dis-
crete-ordinates method suggests that the technique developed
in this work is capable of giving the same level of accuracy
as the discrete-ordinates method, but involving fewer unknown
intensities. Because of the mathematical form of the solution,
fix-up procedures such as set-to-zero and overshooting clip-
ping of the intensity were not necessary. Moreover, no oscil-
latory behavior was observed in any of the solutions.

Also note that most of the results presented in the literature
are for highly scattering media. In such cases, effects of false
scattering are less evident than for situations involving non-
scattering media. In nonscattering media, the effects of dis-
continuities in the intensity are more pronounced.

Finally, it should be mentioned that implementation of the
technique to multidimensional geometries may be cumbersome
because of the necessity of deriving and programming many
different geometrical configurations and interpolation proce-
dures. An increase on the complexity of the geometry adds
more difficulties to the implementation of the technique. In
view of the accurate results obtained, the additional effort in
programming and deriving the different configurations is com-
pensated by the significant decrease in the computational ef-
fort. This is important in problems involving nongray gases
and when radiative transfer is coupled to conduction and con-
vection. In these situations, the equation of transfer is solved
repeatedly and, the computational time is an important aspect
to consider.
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